The presence of a self-mapping increases the difficulty in proving the existence and uniqueness of solutions for general iterative fractional differential equations. In this article, we provide conditions for the existence and uniqueness of solutions for the initial value problem. We also determine the Burton stability of such equations. The arbitrary order case is taken in the sense of Riemann-Liouville fractional operators.
Introduction
Fractional calculus is an area of specialization in mathematics that is concerned with dif- In this study, we introduce some conditions for the existence and uniqueness of solutions for the initial value problems of iterative equations. We also determine the Burton stability of such equations. The arbitrary order case is taken in the sense of Riemann-Liouville fractional operators, as well as Caputo derivative.
Preliminaries
This section deals with some preliminaries and notations regarding fractional calculus.
Fractional calculus originated from the Riemann-Liouville definition of fractional integral of order α in the form
where ψ is continuous. The fractional (arbitrary) order differential of the continuous function ψ of order α >  is defined by
When a = , we conclude that
Let ψ be a continuously (n) differentiable function. The Caputo derivative can then be realized by the following form:
where n is an integer and γ is a real number.
Related work
Differential equations with state-dependent delays attract interest of specialists because they arise from application models, such as the two-body problem of classical electrodynamics, transmission, mechanical models, population models, infection disease, position control, and dynamics of economical systems. As a special type of state-dependent delay differential equations, iterative differential equations have distinct characteristics. Such equations have been investigated in recent years in terms of their smoothness, analyticity, monotonicity, convexity, and numerical solution. In the theory of differential equations, one of the essential and important problems is the initial value problem. Numerous existence results on special iterative differential equations can be found in the literature. In , Eder proved the existence of the unique monotone solution for the second iterative differential equation [] using the contraction principle as follows: 
which satisfies the following result. 
Lemma . Let
with the initial value y() = y  , see [] . In this study, we aim to establish the existence and uniqueness of the fractional iterative
subject to the initial value
where
indicates the jth iterate of self-mapping y, where j = , , . . . , n.
Existence and uniqueness
We start with the following result.
Theorem . Suppose that f : n+ → is continuous. If positive r exists, such that
Proof The existence of solutions of Eq. () is equivalent to finding a continuous solution of the integral equation
Define a set ϕ M  as follows:
It suffices to establish
for j ∈ N by induction. In fact, for t  ≤ s ≤ t, we have
We let |y
On the basis of induction, () holds and
In the sequel we apply the Schauder fixed point theorem to prove the existence of the continuous solution of Eq. (). To this end, we define the integral operator G :
Clearly,
we get
Then ϕ M  is a nonempty convex and compact subset of the Banach space
To show T is a self-mapping, we note that for any
, G is a self-mapping operator). It remains to show that G is continuous. For this purpose, taking any y  , y  ∈ ϕ M  , we obtain
By Lemma ., we conclude that
Given the uniform continuity of f onB(z  , r), for any ε > , there exists δ(ε) > , the inequality 
where Proof Let
then ϕ M  is a nonempty convex and compact subset of the Banach space C  ([a, b] ). We consider the mapping T :
To show T is a self-mapping, we note that
Therefore, () and () yield that T maps ϕ M  into itself.  (s) < ε. 
Consequently,
T y  (t) -T y  (t) ≤ t  f s, y []  (s), y []  (s), . . . , y [n]  (s) -f s, y []  (s), y []  (s), . . . , y [n]  (s) (t -s) γ - (γ ) ds, t > s < ε(b -a),
Applications
In this section, our theorems are illustrated by the following example. First, we prove the existence of smooth solutions of () based on the results provided by Si and Wang [] . In this paper, smooth function g ∈ C n means that the function g has a number of continuous derivatives, and its nth continuous derivative is Lipschitzian. We require the following result.
Lemma . Let
Then, for any x(t) ∈ (N  , . . . , N n+ ; I), there exist a function y * ik (t) = P ik y  (t), . . . , y ,i- (t); . . . ; y k (t), . .
. , y k,i- (t)
and positive constants N ik uv such that
where y ri (t) = y (r) (y [i] (t)), y * ik (t) = (y [i] (t)) (k) and P ik is a uniquely defined multivariate polynomial with nonnegative coefficients and
Theorem . Consider the equation
associated with y(t  ) = y  , where a i (t), F(t) ∈ C n are given smooth functions.
Proof For R > , by the smoothness of the given functions, we have positive M a j and M F such that
() has a solution in the function set
by Theorem ., where arbitrary
In fact, for any y ∈ ϕ N  , we see that the function
Since ( -N  )R ≥ |y  -t  |, the condition of Theorem . is satisfied, there exists a solution y = ψ(t) of Eq. () in the functional set ψ N  . In the sequel, we show that ψ (n+) (t) also is
In view of Lemma ., we obtain
where y n = y [n] (t), n = , , . . . , i -.
Denote
we attain
which implies that ψ (m+) (t) is Lipschitzian. Remark . In the proof of an invariant set, they require the inequalities
Example . Consider the equation
The right-most inequality of Eq. () contradicts the definition of C x  . We overcome this difficulty by defining B y  .
Burton stability
In this section, we aim to discuss the stability of solutions of a class of iterative fractional differential equations. We need the following observations. Next, we discuss the stability of Eq. () for a special case by putting
Theorem . Consider the fractional differential equation 
